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HARMONIC FUNCTIONS, H-TRANSFORM AND LARGE 

DEVIATIONS FOR RANDOM WALKS IN RANDOM 
ENVIRONMENTS IN DIMENSIONS FOUR AND HIGHER 

By Atilla Yilmaz 

University of California, Berkeley 

We consider large deviations for nearest-neighbor random walk in 
a uniformly elliptic i.i.d. environment on Z d . There exist variational 
formulae for the quenched and averaged rate functions I q and I a , 
obtained by Rosenbluth and Varadhan, respectively. I q and I a are 
not identically equal. However, when d > 4 and the walk satisfies the 
so-called (T) condition of Sznitman, they have been previously shown 
to be equal on an open set A eq - 

For every £ £ A eq , we prove the existence of a positive solution to a 
Laplace-like equation involving £ and the original transition kernel of 
the walk. We then use this solution to define a new transition kernel 
via the h-transform technique of Doob. This new kernel corresponds 
to the unique minimizer of Varadhan's variational formula at £. It 
also corresponds to the unique minimizer of Rosenbluth's variational 
formula, provided that the latter is slightly modified. 

1. Introduction. 

1.1. The model. Let (ei)f =1 be the canonical basis for the d-dimensional 
integer lattice % d with d > 1. Consider a discrete-time Markov chain on 
Z d with nearest-neighbor steps, that is, with steps in U := {±e,}^ =1 . For 
every iG^ and z G U, denote the transition probability from x to x -\- z 
by 7r(x,x + z) and refer to the transition vector oj x := (n(x, x + z)) z ^u as 
the environment at x. If the environment co := {^x) x &l d 1S sampled from 
a probability space (f2,£>,P), then this process is called random walk in a 
random environment (RWRE). Here, B is the Borel <7-algebra corresponding 
to the product topology. 
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The environment is said to be uniformly elliptic if 

(1.1) there exists a 5 > such that 7r(0, z) >5 for every cj G O and z € ?7. 

For every y € Z rf , define the shift Ty on f2 by {T y u) x := cu x + y . Throughout 
this paper, we will assume that P is stationary and ergodic under (T z ) z£ u. 
This condition is clearly satisfied when 

(1.2) lj = (oJx) x &A i s an i i-d. collection. 

For every x G Z rf and w£fl, the Markov chain with environment w induces 
a probability measure on the space of paths starting at x. Statements 
about P£ that hold for P-a.e. cj are referred to as quenched. Statements 
about the semidirect product P x := P (g> P x are referred to as averaged (or 
annealed). Expectations under P, P x and P x are denoted by E, E x and E x , 
respectively. 

See [28] for a survey of results on RWRE. 

Because of the extra layer of randomness in the model, the standard 
questions of recurrence versus transience, the law of large numbers (LLN), 
the central limit theorem (CLT) and the large deviation principle (LDP) — 
which have well-known answers for classical random walk — become hard. 
However, it is possible, by taking the point of view of the particle, to treat 
the two layers of randomness as one: if we denote the random path of the 
particle by X := (X n ) n >Q, then (Tx n u:) n >o is a Markov chain (referred to as 
the environment Markov chain) on f2 with transition kernel W given by 

W(u,u'):= ^2 tt(0,z). 

z : T z lj=u)' 

This is a standard approach in the study of random media; see, for example, 
[9, 11] or [12]. 

Instead of viewing the environment Markov chain as an auxiliary con- 
struction, one can introduce it first and then deduce the particle dynamics 
from it. 

Definition 1.1. A function ty:Q, x [/— »M + is said to be an "environ- 
ment kernel" if 7r(-,z) is 0-measurable for each z & U and Ylz&u ^"("> z ) = 1- 
It can be viewed as a transition kernel on via the following identification: 

z:T z u)=lu' 

Given x € Z rf , and any environment kernel 7r, the quenched proba- 

bility measure P x ,aJ on the space of particle paths (X n ) n >o starting at x in 
environment uj is defined by setting P X ,U1 (X = x) = 1 and 

PI ^{X n+1 =y + z\X n = y) = 7r(T y u, z) 
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for all n > 0, y £ Z rf and z € £/ . The semidirect product P* := P <g> ,w is 
referred to as the averaged measure and expectations under Px' w and P£ 
are denoted by E£' w and 2££, respectively. 

1.2. Summary of results. In this paper, we will focus on the large devi- 
ation properties of multidimensional RWRE. Section 2 is a detailed survey 
of the previous results on this topic that are relevant to our purposes. The 
precise statements of our results are postponed to Section 3 because they 
rely heavily on the notation and theorems given in Section 2. 

In this subsection, we will provide a short and less technical description 
of the key theorems in Section 2. References will be omitted for the sake of 
brevity. We will then highlight our main results. 

1.2.1. Summary of previous results. In the case of quenched RWRE, the 
LDP holds for the mean velocity X n /n of the particle. Rosenbluth gives a 
variational formula for the corresponding rate function I q . For any £ £ M. d , 
Iq(C) is equal to the infimum of H(tt,Q), where H(-) is a relative entropy 
and (tt,Q) varies over all pairs such that: (i) % is an environment kernel; 
(ii) Q is a 7r-invariant probability measure on f2; (iii) Q <C P on B; (iv) the 
asymptotic mean velocity of the walk induced by (n,Q) is equal to £. 

For averaged walks in i.i.d. environments, Varadhan proves the LDP for 
X n /n and gives yet another variational formula for the corresponding rate 
function I a . For any £ ^ 0, I a (£) is the infimum of 3 a (a), where 3 a (-) is a 
relative entropy [not equal to H(-)] and a varies over all Z d - valued transient 
processes with stationary and ergodic increments in U such that the mean 
drift of a is equal to £. 

It is easily shown that (i) I a < I q and (ii) I q , I a are not identically equal. 
When d > 4 and the walk satisfies the so-called (T) condition of Sznitman, 
Iq and I a are known to be strictly convex, analytic and equal on an open 
set Aeq- At every £ S A eq , Varadhan's variational formula for I (£) has a 
unique minimizer. 

1.2.2. Summary of our results. We will assume that the environment is 
i.i.d., d > 4 and the (T) condition of Sznitman holds. For every £ £ A eq , we 
will prove the existence of an h(9,-) £ L 2 (P) that solves a certain equation 
involving 6 := V/ a (£) and the original kernel 7r of the walk; see (3.2). Since 
(3.2) resembles the Laplace equation, we will refer to h(6, ■) as harmonic. 
We will then use h(9,-) to define a new environment kernel 7t e via the h- 
transform technique of Doob; see (3.3). 

For every £ £ A eq , we will prove the existence of a probability measure 
on Q, that is -^-invariant . The pair (^ e ,Q^) corresponds to a stationary 
Markov chain with values in U. This Markov chain induces a 7L d - valued 
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The pair (tt ,Q^) is a natural minimizer candidate for Rosenbluth's vari- 
ational formula for Iq(£). However, it is not known whether <C P on B. 
We will resolve this issue by slightly modifying Rosenbluth's formula so that 
the infimum of H(-) will be taken over a larger class of pairs. Finally, we 
will show that (vr e ,Qg) is the unique minimizer of this new formula. 

2. Previous results on large deviations for RWRE. 

2.1. The quenched LDP. Recall that a sequence (Q n )n>i of probability 
measures on a topological space X satisfies the large deviation principle 
(LDP) with rate function / : X — >• [0, oo] if / is lower semicontinuous and, for 
any measurable set G, 

— inf I(x) < liminf — log Q n (G) < limsup — log Q n (G) < — inf I(x). 

Here, G° is the interior of G and G its closure. See [6] for general background 
regarding large deviations. 

In this paper, the following theorem will be referred to as the quenched 
(level- 1) LDP. 

Theorem 2.1 (Quenched LDP). Assume (1.1). ForF-a.e. u, {Po(^r G 
•))n>i satisfies the LDP with a deterministic and convex rate function L q . 
(The subscript stands for "quenched.") 

Greven and den Hollander [7] prove Theorem 2.1 for walks on Z in i.i.d. 
environments. They provide a formula for L q and show that its graph typi- 
cally has flat pieces. Comets, Gantert and Zeitouni [5] generalize the results 
in [7] to stationary and ergodic environments. 

For d > 1 , the first result on quenched large deviations is given by Zerner 
[29]. He uses a subadditivity argument for certain passage times to prove 
Theorem 2.1 in the case of nestling walks in i.i.d. environments. 

Definition 2.2. RWRE is said to be nonnestling relative to a unit 
vector u € S^ 1 if 



It is said to be nestling if it is not nonnestling relative to any unit vector. 
In the latter case, the convex hull of the support of the law of Yl z 7T (^^ z ) z 
contains the origin. 



(2.1) 
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By a more direct use of the subadditive ergodic theorem, Varadhan [22] 
drops the nestling assumption and generalizes Zerner's result to stationary 
and ergodic environments. The drawback of these approaches is that they 
do not lead to any formula for the rate function. 

Kosygina, Rezakhanlou and Varadhan [10] consider diffusions on W d (with 
d>l) in stationary and ergodic environments. They prove the analog of 
Theorem 2.1 via a minimax argument and provide a variational formula for 
the quenched rate function. Rosenbluth [18] adapts their work to the context 
of RWRE. [See (2.7) below for Rosenbluth's variational formula for I q .] 

2.2. The quenched level-2 LDP and Rosenbluth's variational formula. The 
minimax argument of Kosygina et al. [10] can be generalized to establish a 
quenched LDP for the so-called pair empirical measure of the environment 
Markov chain. Below, we introduce some notation in order to give the precise 
statement of this theorem. 

For any measurable space (Y, J 7 ), write M\(Y, J 7 ) [or simply M\(Y) when- 
ever no confusion occurs] for the space of probability measures on (Y, J-). 
Consider the random walk X = (X n ) n >o on Z rf in a stationary and ergodic 
environment, let Z n = X n — X n _i and focus on 



1 ^ 



k=0 

which is a random element of M\{Vt x U). The map (lo, z) h-> (lj, T z oj) embeds 
Mi(Q x U) into Mi(Q x Vt) and we therefore refer to v n ^x as the pair em- 
pirical measure of the environment Markov chain. For any (i £ M\(Q x U), 
define the probability measures (/i) 1 and (/i) 2 on Q, by 

(2.2) d(fi) 1 (uj) := dfi(u , z) and d(fi) 2 (uj) := dfi(T^ z u;, z), 

respectively, which are the marginals of \x when \x is seen as an element of 
Mi(fi x O). With this notation, let 



M[ (n x U) := \ (i € Mi(Q xU):(fi) 1 = (fj,) 2 < : 



> for every z EU 



Theorem 2.3 (Quenched level-2 LDP, Yilmaz [25]). Assume (1.1). For 
"-a.e. to, {Po{v n ,x £ "))n>i satisfies the LDP with the rate function 3**, the 
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double convex conjugate of3 q :Mi(Q x U) — > R given by 

to* 1 ( \ / / log y >;g) ^GMj(Ox[/), 

(2.3) J g(^) = Wn^ d(/^) 1 (a;)7r(0,z) 

l oo, otherwise. 

Rosenbluth's quenched LDP result is a corollary of Theorem 2.3. Indeed, 
for any fj, & Mi (fi X (7), set 

(2.4) e M := / ^^(a;,z)z. 
For any £ G M d , define 

(2.5) ^:={ M €Mi(fixl7):^ = £}. 
With this notation, 

(2.6) 7,(0= mf a**(/i) 

(2.7) = inf a ff ( M ). 

Here, (2.6) follows from Theorem 2.3 via the so-called contraction principle 
(see [6]). Note that, even though 3 q is convex, it may not be lower semicon- 
tinuous (see Appendix A of [25] for an example). Therefore, 3** is not equal 
to J q in general. Nevertheless, (2.7) is valid (see [25]) and it is precisely equal 
to the variational formula obtained by Rosenbluth in [18]. 

2.3. The quenched lev el- 3 LDP. Theorem 2.3 can be generalized to es- 
tablish a quenched LDP for the empirical process 

^ 71— 1 

k=0 

which is a random element of M\(fl x U^). Here, Zj^^ is shorthand notation 
for {Z k+i )i>i. 

Theorem 2.4 (Quenched level-3 LDP, Rassoul-Agha and Seppalainen 
[17]). Assume (1.1). ForF-a.e. uj, {Poi^x € 0)n>i satisfies the LDP with 
a deterministic and convex rate function I q ^ : Mi(Q x C/ N ) — > M.. 

Rassoul-Agha and Seppalainen actually obtain this result in greater gen- 
erality, namely for bounded step size walks satisfying a weak ellipticity con- 
dition (see [17]). Also, they show that, just as in Theorem 2.3, the rate 
function L q ^ is the lower semicontinuous regularization of a relative entropy. 
We choose not to state the precise formula of I q ^ here, partly in order to 
keep the notation simple and partly because we will not need it in what 
follows. 
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2.4. The averaged LDP and Varadhan's variational formula. In this pa- 
per, the following theorem will be referred to as the averaged (level-1) LDP. 

Theorem 2.5 (Averaged LDP). Assume (1.1) and (1.2). (P (^f G -))n>l 
satisfies the LDP with a convex rate function I a (the subscript stands for 
"averaged"). 

Comets et al. [5] prove Theorem 2.5 for d = 1 and obtain the following 
variational formula for I a : 

(2-8) J (e) = inf{i?(a + |e|ft s (Q|F)}. 

Here, the infimum is over all stationary and ergodic probability measures 
on Q, i^p(-) denotes the rate function for the quenched LDP when the en- 
vironment measure is Q and h s (-\-) is specific relative entropy. Similarly to 
the quenched picture, the graph of I a is shown typically to have flat pieces. 

Varadhan [22] proves Theorem 2.5 for any d > 1. He gives yet another 
variational formula for I a . Below, we introduce some notation in order to 
write down this formula. 

An infinite path (xj)j<o with nearest-neighbor steps Xj+i — Xi is said to 
be in if x Q = and linij^-oo \xi\ = oo. For any w S W^, let n Q be 
the number of times w visits the origin, excluding the last visit. By the 
transience assumption, n Q is finite. For any z 6 U, let n QyZ be the number of 
times w jumps to z after a visit to the origin. Clearly, ^2 zG u n QjZ = n Q . If the 
averaged walk starts from time — oo and its path (Xj)j<o up to the present 
is conditioned to be equal to w, then the probability of the next step being 
equal to z is 

(2 9) a( W z) - n^m^v^r^] 

by B ayes' rule. 

Consider the map T* — >• that takes (xj)j<o to (xj — x_i)j<_i. 
Let I be the set of probability measures on that are invariant under 
T* and £ be the set of extremal points of I. Each a € I (resp., a € £) 
corresponds to a transient process with stationary (resp., stationary and 
ergodic) increments and induces a probability measure Q a on particle paths 
(Xi)i £ z- The associated mean drift is m(a) := J(x — x_i)da = Q a (X\ — 
X ). Define 

(2.10) Q™(-):=Q a (-\a(Xi:i<0))(w) and q a (w, z) := Q^{X l = z) 

for a-a.e. w and z € U. 
With this notation, 

(2.11) I a (0= inf 3 a (a) 
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for every £ 7^ 0, where 

(2.12) X(a):= [ \ V q a (w, z) log ^4 



da(u>). 



Rassoul-Agha [16] generalizes Varadhan's result to a class of mixing en- 
vironments and also to some other models of random walk on 

In Section 2.6, we will summarize the known qualitative properties of I a . 
In particular, we will state some regularity results which are valid under 
a certain transience condition of Sznitman. The next subsection is devoted 
to introducing this condition, which involves what are called regeneration 
times. 

2.5. Regeneration times and Sznitman 's condition. Take a unit vector 
u G S d ~ l . Define a sequence (r m ) m >o = (T m (u)) m >o of random times, which 
are referred to as regeneration times (relative to u), by r Q := and 

T m : = inf{j > r m _i : (Xi,u) < (Xj,u) < (X k ,u) 

(2.13) 

for all i, k with i < j < k} 

for every m > 1 . (Regeneration times first appeared in the work of Kesten [8] 
on one-dimensional RWRE. They were adapted to the multidimensional set- 
ting by Sznitman and Zerner; see [21].) If the walk is directionally transient 
relative to u, that is, if 

(2.14) P ( lim (X n ,u) = oo) =1, 

\n— >oo / 

then P {j m < 00) = 1 for every m > 1. As shown in [21], the significance of 
(fm)m>i is due to the fact that 



( X Tm + l - X Tm , X Tm+2 - X Tm X Tm+1 - X Tm , T m+ i - T m ) 



m>l 



is an i.i.d. sequence under P Q when u = {oJ x ) x & d 15 an i-i-d- collection. 

The walk is said to satisfy Sznitman's transience condition (T,w) if (2.14) 
holds and 



(2.15) E sup exp{c|A^|} 

l<i<T\(u) 



< 00 for some c > 0. 



Define the first backtracking time of the walk to be 
(2.16) P = P(u) :=mf{i>0:(Xi,u) < {X ,u)}. 

The following lemmas list some important facts regarding regenerations. 

Lemma 2.6 (Sznitman [20]). Assume d> 2, (1.1), (1.2) and that (T,u) 
holds for some u E S d ~ l . Then: 
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(a) P ((3(u) = oo) > and ti(u) has finite P -moments of arbitrary order; 

(b) the LLN holds with a limiting velocity £ such that (£, ,u) > 0; 

(c) (T,i>) is satisfied for every v € iS d_1 such that (£, ,v) > 0. 

Lemma 2.7. Assume (1.1) and (1-2). If the walk is nonnestling (see 
Definition 2.2) relative to some u £ S^ 1 , then 

(2.17) E [exp{cTi(u)}} < oo 

for some c > 0. In particular, (T,u) is satisfied. On the other hand, if the 
walk is nestling, then (2.17) fails to hold for every u € S^ 1 and c > 0. 

Proof. The first statement is proved in [19]. The second statement 
follows immediately from the fact that I a (0) = when the walk is nestling 
(see [22]). □ 

Lemma 2.8. Assume (1.1) and (1-2). If the walk is nonnestling and 
some v € S d ~ l satisfies (£, ,v) > 0, then 

£ [exp{cri(-u)}] < oo 

for some c > 0. 

PROOF. This is Lemma 8 of [26] . □ 

Corollary 2.9. Assume d>2, (1.1), (1.2) and that (T,u) holds for 
some u G <S d_1 . Since £ Q ^ 0, there exists a z E U such that {Co,z) > 0. 
Then: 

(a) P (P(z) = oo) > and t\{z) has finite P Q -moments of arbitrary order; 

(b) if the walk is nonnestling, then there exists a c\ > such that 

£' [exp{2ciTi(2;)}] < oo; 

(c) if the walk is nestling, then there exists a c\ > such that 



E 



sup exp{ci|Xj|} 

l<i<Ti(z) 



< OO. 



2.6. Qualitative properties of the quenched and the averaged rate func- 
tions. Denote the zero- sets of I q and I a by M q := 6 R d : /,(£) = 0} and 
J\f a '■= {£ € M d : I a {0 = 0}, respectively. The following theorem summarizes 
some of the known qualitative properties of the quenched and the averaged 
rate functions when d > 2. The rest of the known properties are given in 
Section 2.7. 



Theorem 2.10. Assume d>2, (1.1) and (1.2). Then: 
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(a) I q and I a are convex, I q (0) = I a (0) and M q = M a (see [22]); 

(b) if the walk is nonnestling, then: 

(i) N a consists of the true velocity £ D (see [22]); 

(ii) I a is strictly convex and analytic on an open set A a containing 
(see [13, 23]); 

(c) if the walk is nestling, then M a is a line segment containing the origin 
that can extend in one or both directions (see [22]); it cannot extend in 
both directions when d = 2 (see [30]) or when d>5 (see [1]); 

(d) if the walk is nestling, but (T,u) is satisfied for some u G S d ~ l , then: 

(i) the origin is an endpoint of N a (see [20]); 

(ii) I a is strictly convex and analytic on an open set A a (see [23]); 

(iii) there exists a (d — 1)- dimensional smooth surface patch A b a such 
that G A a C dAa (see [23]); 

(iv) the unit vector r/ normal to A a ( and pointing in A a ) at £ Q satisfies 

(see [23]); 

(v) I a (tO = tl a (0 for every £ G A b a and t G [0, 1] (see [13]). 

2.7. Comparing the quenched and the averaged rate functions. Assume 
(1.1) and (1.2). It is clear that 

V:= {(£!,..., z d )eR d :\z l \ + --- + \£ d \<i} = {Zem. d :ia(0<™} 

= {^M. d :I q (0<-log5}. 

For any £ G M d , I a (0 < IqiO by Jensen's inequality and Fatou's lemma. 
Moreover, when the support of P is not a singleton, I a < I q at some interior 
points of T> (see Proposition 4 of [26]). 

The following theorem considers ballistic walks in dimensions four and 
higher, and says that the quenched and the averaged rate functions are 
identically equal on a set whose interior contains N a \ {0}. 

Theorem 2.11 (Yilmaz [26]). Assumed>k, (1.1), (1.2) and that (T,ii) 
holds for some u G <S d_1 . Then: 

(a) if the walk is nonnestling, I q = I a on an open set A eq containing £ Q ; 

(b) if the walk is nestling: 

(i) I q = I a on an open set A eq ; 

(ii) there exists a (d — 1)- dimensional smooth surface patch A b eq such 
that £ D G A\ q C 8A eq ; 

(iii) the unit vector r\ normal to A b eq (and pointing in A eq ) at £ sat- 

(iv) I q (tO =tl°(£) = tl a (0 = I a (tO for every £ G A\ and t G [0, 1]. 

Assuming d = 1, (1.1) and (1.2), Comets et al. [5] use (2.8) to show that 
Jq(£) = I a (£) if and only if £ = or I a (0 = 0. In particular, Theorem 2.11 
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cannot be generalized to d > 1. It turns out that it cannot be generalized 
to d > 2 or 3, either. Indeed, for d = 2, 3, Yilmaz and Zeitouni [27] provide 
examples of nonnestling walks in uniformly elliptic i.i.d. environments for 
which the quenched and the averaged rate functions are not identically equal 
on any open set containing the true velocity £ . 

2.8. Dual results for the logarithmic moment generating functions. For 
every ^6l rf , consider the logarithmic moment generating functions 

A g (9) := Jim * log^[exp{(0,X n )}] and 



(2.18) 



n— >oo n 

A a (9):= lim -log£ o [exp{(0,X n )}]. 

n— too n 



By Varadhan's lemma (see [6]), A q {9) = sup£ gK d{(6>, £) — I q (£,)} = I q (9), the 
convex conjugate of I q at 6. Similarly, A a (9) = I*(9). 
For every c > 0, define 

/„ „n p, x _ J {9 € M. d : \9\ < c}, if the walk is nonnestling, 

{ ■ yj H C J : ~ | |g eR d. j^j < C) A a (0) > 0}, if the walk is nestling. 

In the latter case, I a (0) = 0; see Theorem 2.10. It follows from convex duality 
that 

= / a (0) = sup {(9, 0) - A a (9)} = - inf A a (0). 



In other words, A a (6>) > for every 9 € R d . The zero-level set {9 € R d : A a (9) = 
0} of the convex function A a is convex and C(c) is an open ball minus this 
convex set. 

The following theorems state some of the known qualitative properties of 
A q and A a . 

Theorem 2.12 (Peterson and Zeitouni [13], Yilmaz [23]). Assume d> 
2, (1.1) and (1.2). Recall (2.19). If (T,u) holds for some u £ S^ 1 , then A a 
is analytic on C a :=C(c\), where c\ is as in Corollary 2.9. Moreover, the 
Hessian H a of A a is 'positive definite on C a . 

Theorem 2.13 (Yilmaz [26]). Assume d > 4, (1.1) and (1.2). Recall 
(2.19). If (Tju) holds for some u G then there exists a C2 € (0,ci) 

such that A q = A a on C eg := C{c2). 

In fact, the regularity properties of I a that are stated in Theorem 2.10 
are obtained from Theorem 2.12 via convex duality (see [13, 23]) and A a = 
{VA a (#) :9 € Co}. Similarly, note that Theorem 2.11 is a corollary of Theo- 
rem 2.13 and A eq = {VA a (9) : 9 £ C eq }. 
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3. Our results. In this paper, we will obtain new results concerning the 
large deviation properties of RWRE on Z rf under the conditions of Theorems 
2.11 and 2.13. In other words, we will assume that 

, , d > 4, the environment is uniformly elliptic and i.i.d. 
^ J [see (1.1) and (1.2)] and (T,ei) holds. 

Here, we have chosen e\ for convenience. However, there is no loss of gener- 
ality, that is, we could have chosen any u £ S d ~ l ; see Lemma 2.6. 

3.1. Existence of harmonic functions: h-transform. Given any 9 £ R rf , 
define ir 9 : $7 x U — s> R by setting 

7T V Z ) ■= ^ *) eX P{(^> Z ) ~ A a(G)} 

for every oj £ and z & U. Our first result concerns the existence of positive 
harmonic functions for ir e . (Here, we use the term harmonic in analogy with 
the continuum case where it 9 is replaced by a second order elliptic operator.) 

Theorem 3.1. Assume (3.1). Recall Theorem 2.13. For every 6eC eq , 
there exists an h(0, •) £ L 2 (P) such that F(h(8, •) > 0) = 1 and 

(3.2) h(e,oj) = ^2ir(0,z)exp{{6,z) - A a (9)}h(6,T z uj) forF-a.e.u. 

Note that tt 9 would correspond to a Markov chain on il if Yltz&u ^i 00 ^ z ) = 
1 were true for P-a.e. oj. However, as we will see, the latter condition is not 
satisfied unless 6 = 0. Nevertheless, (3.2) enables us to define an environ- 
ment kernel (as in Definition 1.1) related to 7r 9 via the so-called h-transform 
technique of Doob; see [14]. 

Definition 3.2. Assume (3.1). For every 9 € C eq , define a new environ- 
ment kernel 7r : O x U — > M + by setting 

(3.3) tt 9 (uj, z) := 7r(0, z) exp{(#, z) - A a (0)}-^' ^ 



h(0,u) 

for every co € and z € U. This technique is called h-transform. 

3.2. The unique minimizer of Varadhan's variational formula. Recall the 
sets A a and A eq which were introduced in Theorems 2.10 and 2.11, respec- 
tively. Whenever £ £ A a , it is shown in [23] that there is a unique minimizer 
of Varadhan's variational formula (2.11) for I a (£,)- Our second result re- 
veals the hidden Markovian structure of this minimizer when (3.1) holds 
and £ G A eq . 

Before stating this theorem, we need to introduce a family of sub-cr- 
algebras of B: for any v £ S d ~ l and n > 0, let 

(3.4) B+(v):=a(co x :(x,v}>-n). 
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Theorem 3.3. Assume (3.1). Recall Theorem 2.11 and Definition 3.2. 
For every £ G A eq , there exists a unique 8 G C eq such that £ = VA a (9). [By 
convex duality, 6 = V/ a (£)./ 

(a) There exists a unique G Mi (0,23) i/iai satisfies the following: 

(i) Qg is 7r e -invariant, that is, ^2 z£U dQ^(T_ z uj)7r e (T- Z u , z) = dQ^(u); 

(ii) <C P on B+(ei) /or every n > 0; see 

27ie pair (tt 9 , Q^) corresponds to a stationary Markov chain (with values 
in £1) which can be identified with a /2|° € Mi ($7 x f/ N ). T/ie marginal 

on o/ is and tt s is the conditional of z\ given oj. 

(b) induces a Z d -valued transient process with stationary increments in 
U via the map 

(uJ,Z 1 ,Z 2 ,Z 3 ,...) (Z1,Z1 +Z 2 ,Zl + Z 2 + Z 3 ,...). 

Extend this process to a probability measure on doubly infinite paths 
{xi)i & z and refer to its restriction to as With this notation, 
is the unique minimizer of Varadhan's variational formula (2.11). 

In words, when a particle under P Q is conditioned to have asymptotic 
mean velocity equal to any given £ G A eq , the environment Markov chain 
chooses to switch from its original kernel W to the tilted kernel it e given in 
(3.3), where 9 = V/ a (£) G C eq . The most economical tilt in terms of averaged 
large deviations is realized by an h-transform. 

Remark 3.4. There is an alternative characterization of [see (5.2)] 
which involves regeneration times. That formula (or, rather, its analog for 
the marginal on C/ N of /x|°) has already appeared in Definition 9 of [23]. 
If one takes (5.2) as the definition of then part (b) of Theorem 3.3 
becomes essentially a restatement of Theorem 10 of [23] (see Theorem 5.2 
of the current paper for details). In other words, the novelty of Theorem 3.3 
lies in part (a). 

3.3. Equality of the quenched and the averaged minimizers. The quenched 
level-3 LDP stated in Theorem 2.4 implies the quenched (level-1) LDP (i.e., 
Theorem 2.1) via the contraction principle. Indeed, for any £ G define 

(3.5) v4.|° := ia G Mi(Vt x f7 N ) : j £ da(u>, (z l ) i > 1 )z 1 = A . 
With this notation, 

(3.6) I g (0 = >f 43(a)- 
Our third result is as follows. 
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Theorem 3.5. Assume (3.1). For every £ G A eq , the measure /}|° (which 
is obtained in Theorem 3.3) is the unique minimizer of (3.6). 

We already know from Theorem 2.11 that the quenched and the averaged 
rate functions I q and I a are equal on A eq . The natural interpretation of 
Theorem 3.5 is that, for P-a.e. u), when a particle under P£ is conditioned to 
have asymptotic mean velocity equal to any given £ G A eq , the environment 
Markov chain chooses to switch from its original kernel W to the tilted kernel 
ft® . Compare this with the last paragraph of the previous subsection. 

Since the contraction from level-3 to level-1 may be done in two steps 
(instead of one), the following is an immediate consequence of Theorem 3.5. 

Corollary 3.6. Assume (3.1). For every £ G A eq , let fi^ G Mi ($7 x U) 
be the marginal of /2|° G Mi(0 x U N ). With this notation, fi^ is the unique 
minimizer of the variational formula 

I q (0= m| 3**( M ) 

given in (2.6). 



3.4. Modifying Rosenbluth's variational formula. Recall Rosenbluth's vari- 
ational formula 

7,(0 = inf 3 q (fJ,) 
l j,eA i 

given in (2.7). Its advantage over (2.6) is that 3 q has a simple formula, 
whereas 3** does not. Corollary 3.6 identifies the unique minimizer of (2.6) 
when (3.1) holds and £ G A eq . We would like to obtain an analogous result 
for (2.7). However, as we illustrate below, there is a problem. 
We express Rosenbluth's formula in the following way: 

(3.7) = m£{H(jjt) :/i G A(. n M[(ft x U)}, 

where 



(3-8) HQ*) := fj2 M", *) log , \ 

denotes relative entropy and 

M[(n x U) := | /i G Afi(n x 17) : (/i) 1 = (^) 2 < P, 
dfi(-,z] 



dim- 



> for every z G C/ > . 
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In light of Corollary 3.6, a natural minimizer candidate for (3.7) is fit. Note 
that //£ is an element of M[(fl x U) if and only if its marginal is absolutely 
continuous relative to P on B. However, all we know is that (Q)^ <C P on B^{e\) 
for every n > 0; see Theorem 3.3. 

Instead of trying to show that p,^ is an element of M[(fl x U), we will 
replace M[(fl x U) by a larger set that contains /ig. 

Definition 3.7. A measure [i G Mi(fl x f7) is said to be in M{'(0 x U) 
if it satisfies the following conditions: 

(a) (n) l = (v) 2 ; see (2.2); 

(b) vr(-, z) := > for every z G U; 

(c) there exists a v £ such that PJ r (lim n _ s . 00 (X n , v) = oo) = 1; see Def- 
inition 1.1; 

(d) (/J,) 1 < P on <B+(£) for every n > 0; see (3.4). 

Theorem 3.8. Assume (1.1). Recall (3.8) and Definition 3.7. For every 

(3.9) = inf{iJ(/i) A^fl Af" (0 x [/)}. 

Our last result is the following theorem. 

Theorem 3.9. Assume (3.1). For every £ G ^4 e? , //£ is i/ie unique min- 
imizer of (3.9). 

Note that (3.9) does not involve any complex conjugation and, therefore, 
is simpler (i.e., more explicit) than (2.6). Because of this, we believe that 
Theorem 3.9 is more useful than Corollary 3.6. 

3.5. Some questions and comments. 

1. When (3.1) holds and £ G A eq , Theorem 3.3 states that Q € < P on #+( e i) 
for every n > 0. On the other hand, it is not known if <C P on B. Is the 
latter statement true? Note that, when £ = £ Q , this question is of great 
interest (in its own right) because Q^ D is the invariant measure from the 
point of view of the particle. 

Bolthausen and Sznitman [3] prove that <C P on B when £ = £ Q and 
the disorder in the environment is low. One expects their argument to 
work when \£ — £ Q \ is small. However, their technique does not generalize 
to the case where the disorder is not low. 

2. The limitation of our results is that they are valid when (3.1) holds and 
£ G A eq , and their proofs break down if any of these assumptions are weak- 
ened. Therefore, it is natural to ask the following question: in the context 
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of multidimensional RWRE, does the connection between h-transform 
and large deviations exist under more general conditions? Note that such 
a connection has been established (i) for walks with bounded jumps on Z 
in stationary and ergodic environments (see [25]), and (ii) for space-time 
walks in dimensions 3 + 1 and higher (see [24] ) . 

The rest of this paper is devoted to the proofs of our results. Most of 
our efforts are focused on Theorems 3.1 and 3.3, which are established in 
Sections 4 and 5, respectively. The remaining results (i.e., Theorems 3.5, 3.8 
and 3.9) are obtained in Section 6. 

4. Proof of the existence of harmonic functions. 

4.1. An I? estimate. Assume (3.1). Recall (2.16) and (2.18). For every 
n > 1, 6 G R d and oj G f2, define 

g n (e,oj) :=E%[exp{{0,X Hn )-A*(0)H n },H n = n 

(4.1) 

for some k > I, (3 = oo] 

and 

(4.2) h n (e,cj) := E%[exp{(0,XH n ) ~ K{0)H n },H n = r fc for some k > 1], 
where 

H n := mf{i > : (X h ei) > n}. 



Lemma 4.1 (Yilmaz [26]). Assume (3.1). There exists a C2 G (0, ci) such 
that 

(4.3) liminfE{ 5re (6',-)}>0 

n— >oo 

and 

(4.4) su P E{ 9n (0,-) 2 }<cx) 

n>l 

for every 8 GCeg :=C(c2); see (2.19). 

Proof. This constitutes the core of the proof of Theorem 2.13. For the 
convenience of the reader, we will give a sketch of the argument. See Lemmas 
11 and 12 of [26] for the complete proof. 

It is shown in Lemma 12 of [23] that for every 6 G C a := C(c\), 

(4.5) E o [e W {{0,X Tl ) - A a (0)n}|/3 = oo] = 1. 
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[Note that Theorem 2.12 follows from (4.5) by the implicit function theorem.] 
For every y G Z rf , let 

q e (y) := E [exp{(9,X T1 ) - A a (9)n}, X T1 = y\0 = oo]. 

Since ^ yeZ dq e (y) = 1 by (4.5), {q e {y)) y& d defines a random walk (Y k ) k > 
on Z rf . For every n > 1, ¥,{g n (9, -)}/P (/3 = oo) is equal to the probability of 
the event {(Yf~,ex) = n for some k > 1}. By renewal theory, this probability 
is easily shown to converge to a nonzero limit. In particular, (4.3) follows. 

For every x,x G Z rf , consider two independent walks X = X(x) := (Xj)j>o 
and X = X(x) := (Xj).,>o, starting at x and x, respectively, in the same 
environment. Denote their joint quenched law and joint averaged law by 
p x,x ■= P x®P* and P Xii (.) :=E{P£~(-)}, respectively. As usual, E%~ and 
E x> % refer to expectations under P£~ and P X; x, respectively. 

Clearly, P x ,x ^ Pc <8> P x - On the other hand, the two walks do not know 
that they are in the same environment unless their paths intersect. In par- 
ticular, for any event A involving X and X, 

(4.6) P X #(A n {71 = oo}) = Pc <g> P X (A n {71 = 00}), 
if x ^ x, where 

(4.7) 71 := inf{m £ Z : Xi = Xj for some i > 0, j > 0, and (Xj, ei) = m}. 

Similar to the random times (H n ) n >Q and /3 for X, define (H n )n>o and 
/? for X. The proof of (4.4) makes use of the joint regeneration levels of X 
and X, which are elements of 

C := {n > : (JQ, e\) > n and (Xj, e\) > n for every i > H n and j > H n }. 

Note that if the starting points x and x are both in := {z € Z d : (z, ei) = 
0}, then 

0e£ /3 = /3 = oo /i:=inf/: = 0. 

For every n > 1 and 9 £C a , define 
f(0,n,X,X) :=exp{(6,X Hn ) - A a (9)H n }exp{{0,X 6n ) - K{6)H n }. 
With this notation, 

(4.8) n9n(0, -) 2 } = E , [f(9, n, X, X),n G £, Z x = 0]. 

By Lemma 4.2 (stated below), the random paths X and X intersect 
finitely many times and the probability that they intersect far away from 
the origin is exponentially small. Conditioned on the first joint regeneration 
level after the last intersection, the right-hand side of (4.8) can be written 
as a product of two terms. The first term is shown to be finite, by renewal 
theory, when 9 € €(02) with a small enough C2 G (0, c±), and the second term 



18 A. YILMAZ 

is bounded from above by K{g n (9, -)} 2 < 1 since the walks can be thought 
of as taking place in independent environments. □ 

As mentioned in the sketch above, the following lemma is central to the 
proof of (4.4). 

Lemma 4.2. Assume (3.1). Recall (4.7) and let Y' d := Y d \ {0}. Then 

(4.9) inf P o , z (h=0)> inf P ,z{^ = °°> h = 0) > 0. 

Proof. Assume (3.1). We saw in part (a) of Corollary 2.9 that t\ has 
finite moments of arbitrary order. Therefore, the second inequality follows 
from Proposition 3.1 (for d > 5) and Proposition 3.4 (for d = 4) of the recent 
work of Berger and Zeitouni [2]. (The proofs of these propositions are based 
on certain Green's function estimates which fail to hold unless d > 4.) Since 
the first inequality is clear, we are done. □ 

Remark 4.3. It is easy to see that the first infimum in (4.9) is positive 
when d = 2,3 as well. However, we will not need this fact in what follows. 

LEMMA 4.4. Assume (3.1). Recall (4-2). For every 9 GC eq , 

(4.10) liminfE{/i n (6»,-)}>0 

n— >oo 

and 

(4.11) supE{/i n (<9,-) 2 } < oo. 

n>l 

Proof. Recall the notation in the sketch of the proof of Lemma 4.1. 
By definition, h n {Q,uj) > g n {9,uS) for every n > 1, 9 6 C eq and ui Gil. Hence, 
(4.10) follows immediately from (4.3). 

For every n > 1 and 9 G C eg , 

E{K(9, -) 2 } = E 0i0 [f(9, n,X,X),n G C] 

n 

= E E E o,oW, n, X, X),h= k, X Rk - X Hk =z,nGC] 
k=0z£Y d 
n 

(4.12) =E E E 0i0 \f(6,k,X,X),h = k,X 6k -X Hh =z] 

k=ozev d 

x e- {0 ' z) E OtZ [f(6,n- k,X,X),n - k G C\h = 0] 
<E 0>0 [f(9,h,X,X)][ mf PoAh = 0) 

z£Y d 
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(4.13) 

x sup E{g n _ k (6,-)g n _ k (8,T z -)} 

0<k<n 

< E 0t0 [f{6, h,X, X)} ( inf P 0iZ (h = 0)) ~ l 

(4.14) 

x snpK{g m (e r ) 2 }. 

■m>l 

Indeed, we have (4.12) by the independence structure which is still valid for 
common regeneration blocks. (4.13) follows by noting that 

e~ {e ' z) E OjZ [f(0, n - k, X, X),n - k G C\h = 0] 
= (PoAh = O)) -1 ^-^, -)g n - k {e,T z -)} 
< ( inf Po^^^O))" 1 sup E{ 5re _ fe (0,-)<7n-fc(0, T z -)}. 



The third term in (4.14) is obtained using the Schwarz inequality and it is 
finite by Lemma 4.1. Similarly, the second term in (4.14) is finite by Lemma 
4.2. Therefore, to prove (4.11), it suffices to show that the first term in (4.14) 
is also finite. 

By Holder's inequality, 

E 0t0 [f(9,h,X,X)] 

oo 

= J2E o , o [e X p{(e,X Hk )-A a (0)H k } 

k=0 

x exp{(0,X #fc ) - A a (9)H k },h = k] 

oo 

<^£ o , o [exp{4(0,AH fc ) - 4A a (e)H k }}^ 4 

k=0 

x £ OiO [exp{4(0,%) - 4A a (0)P fc }] 1 / 4 P o , o (/ 1 = k) 1 ' 2 

oo 

(4.15) =Y,E o [eMM0,X Hk ) -4A a (^)F fc }] 1 / 2 P , (/ 1 = k) 1 ' 2 . 

k=0 

For any k>l, 

E [exp{4(e,X Hk ) -4A a (9)H k }} 

= E [exp{4(e,X Hk ) - AA a (e)H k },H k < n] 
+ E [expme,X Hk )-4A a (9)H k },T 1 <H k ] 
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E [exp{A{9,X Hk ) - 4A a (6)H k },H k < n ] 



k-1 



+ Y J E o [eMM0,X Hk ) - 4A a (6)H k }, n = Hj] 

3=1 

E o [ex V {A{0,X Hk ) - 4A a (6)H k },H k < n ] 

k-l 

+ J2 E o[eMH0,Xn)-4K{0)T 1 },n = H j ] 

3=1 

x E o [vq>{4{0,X Hk _ 3 ,) -4A a (e)H k _ j }\p = oo] 



sup exp{4|e||X n |-4(0AA a (e))ri} 

l<n<n 



x 1+ sup E o [exp{4(9,X Hi )-4Aa{0)H i }\P = oc] 

v l<i<fc 

(4.16) <E \ sup exp{4|#||X n | - 4(0 A A a (#))ri}l (l + sup ie aiWi 

'-l<n<r 1 J ^ l<i<fc 

(4.17) <Ki(l + /fce ai|e|,c ). 

Indeed, if the walk is nonnestling, we have 4|0||X n | — 4(0 A A a (#))ri < 8|0|ti 
for every n < t\. On the other hand, if the walk is nestling, then 4|#||X ri | — 
4(0 A A a {0))n = 4\6\\X n \ since A a (6) > 0. Therefore, in both cases, the first 
term in (4.16) is finite (provided that 4\9\ < c\) and it is denoted by K\ in 

(4.17) . The second term in (4.16) is obtained using Lemma 28 of [26], where 
a\ > is a constant. 

It is shown in (the proof of) Lemma 30 of [26] that -E 0)0 [e a3il ] < oo for 
some 03 > 0. For any k > 1, 

(4.18) P , (h = k)< E , [e a3h ]e- ask =: K 2 e~^ k . 
Putting (4.15), (4.17) and (4.18) together, we conclude that 



oo 



E 0>0 [f(6, h,X, X)} < K i 2 i l + ke a ^ k ) l/2 Kl ,2 e~ a ^/ 2 



k=0 



<2(K 1 K 2 ) 1 /2^ A; l/2 e (a^l 



9\-a 3 )k/2 

< OO, 



provided that |6>| < 03/01. 

The constant C2 is chosen in [26] such that it satisfies c% < min(ci/4, 03/01), 
along with a few other conditions. Thus, (4.11) holds for every 9 G C eg = 
C{c 2 ). □ 
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4.2. Proof of Theorem 3.1. For every n>2, 9 G C eq and lu G 17, 

MM = #o [exp{(0,X H J - A a (9)H n },H n = r k for some k > 1] 
= K [exp{ (9, X Hn > - A a (9)H n } , 

X\ = z, H n = Tfc for some k > 1] 
= ^7r(0,z)exp{-A a (^)} 

x ££[exp{<0, XjyJ - A a (9)H n },H n = r k for some k > 1] 

(4.19) = ^^(0,z)exp{(^,z) - A.^)}^.^)^,^). 

Here, (4.19) is obtained by shifting the environment by z. 
Define a new function h n (9, •) : f2 — > M by 

1 " 

(4.20) M0,w):= -V/ii^w). 

n — 1 

i=2 

Since (^n(^r))n>l is bounded in L 2 (P) by (4.11), it has a subsequence 
(h nk (9, -))k>i that converges weakly to some h(9, •) G L 2 (P). 
It follows immediately from (4.19) that 

h n {9,uj) = t(0, ^) exp{(^, z) - A a (0)}h„(0, 2» 

zee/ 

(4.21) BlLJ ) -h 2 (9,T. L ei u) 

n — 1 

- h n (9,T ei u) + h n+1 (9,T- ei u)). 

Set n = rik and take the weak limit of both sides of (4.21) as k — > oo. Since 
the term on the second line converges (strongly and, hence, weakly) to zero 
in L 2 (P), we conclude that 

(4.22) h(9,u) = J2n(0,z)exp{{9,z)-A a (9)}h(9,T z oj) for P-a.e. u. 

zeu 

Note that h(6,uj) > for P-a.e. w. Equation (4.22) [in combination with 
(1.1)] implies that the set {uj G £l:h(9,ui) = 0} is invariant under (T Z ) Z £U- 
Since (1.2) ensures that the environment is ergodic under these shifts, ¥(h(9, •) = 
0) G {0,1}. However, E{h(9,-)} > by (4.10). Therefore, we conclude that 
F(h(9, •) > 0) = 1. We have thus proven Theorem 3.1. 
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4.3. A useful representation. Define a function tp : C eq x Q x Z d — > M + by 
setting 

(4.23) rf* >w ,*) := ^[exp{(^ )-A aW r l} ,X T1= ,] 

for every £ C eiJ , oj £ 17 and x € Z d . Note that tp(9,uj, x) = unless (x, ei) > 
1. 

The following lemma will be useful in the next section. 

Lemma 4.5. For every 9 € C eg , there exists a £>j~ (ei) -measurable g(9, •) € 
L 2 (P) such that 

(4.24) fe(0,w) = ^ ip(9,oj,x)g(9,T x u) forF-a.e.u. 



Proof. Recall (4.1) and (4.2). For every n > 2 and G C eg , define 
5 n ((9, •) G L 2 (P) analogously to (4.20). Since (g n (9, -)) n >i is bounded in L 2 (P) 
by (4.4), it has a subsequence (g~n k (6,-))k>i that converges weakly to some 
g(9,-) € L 2 (P). [Choose (nk)k>i to be a further subsequence of the subse- 
quence in the proof of Theorem 3.1 so that (h nk (6,-))k>i converges weakly 
to h(6,-) € L 2 (P).] Note that g n (9,-) is Sj~(ei)-measurable for every n> 1 
since the event {j3 = oo} is part of the definition of g n (9, ■). Hence, g(9, •) is 
Bg (ei ) -measurable. 

For every N > 1, n > N, 9 £ C e5 and u> € 17, 

MM) = ££[exp{(0,XtfJ - A a (9)H n },H n = r k for some A; > 1] 
= ^[exp{(0,XH n )-A a (0)F n }, 
(4.25) \X Tl | > N, H n = r k for some k > 1] 

+ ^ £-[exp{<0,XtfJ-A a (0)# n }, 

|z|<JV 

X T1 = x, H n = Tk for some k > 1] . 

Denote the first term in (4.25) by RN^ n (9,ui). It follows immediately from 
(4.5), the renewal structure and the monotone convergence theorem that 

lim sup E{R,N n (9, •)} 

(4.26) 

< lim E [exp{(9,X T1 ) - A a (9)n},\X T1 \> N} = 0. 

AT-»oo 

Recall (4.23) and observe that, for every n>N, 
h n (9,uj) = R N , n (9,uj) 



LARGE DEVIATIONS FOR RWRE 23 
+ E%[exp{(0,X Hn )-A a (9)H n }, 

\x\<N 

X Tl = x, H n = Tfc for some k > 1] 

= RN,n(0,u) 
\x\<N 

x e-^EZ[exp{(e,X Hn ) - A a (6)H n }, 

H n = Tk for some k > l\/3 = oo] 

\x\<N 

Therefore, whenever > N, 

— Y^h i {6,oj) = — Y j R N , i {e,uj) 
riu ^-^ nif 

K i=N K i=N 

(4.27) 

\x\<N Uk i=N 

Multiplying both sides of (4.27) by any indicator function x G L°°(P), inte- 
grating against P and letting k tend to infinity, we arrive at the following 
inequality: 



\x\<N 



< sup E{R N , n {e,-)}. 

n>N 



Finally, let N tend to infinity. The monotone convergence theorem and (4.26) 
imply the desired result. □ 



5. Proof of our results on averaged large deviations. We will start this 
section by stating two results concerning the unique minimizer of Varadhan's 
variational formula (2.11). We will then give a series of lemmas. Finally, we 
will combine everything and prove Theorem 3.3. 



5.1. The unique minimizer of Varadhan's variational formula. Assume 
(3.1). Take any £ € A a . Since the Hessian R a of A a is positive definite on 
C a by Theorem 2.12, there exists a unique 9 € C a satisfying £ = VA a (6>). In 
the next paragraph, we define a probability measure /}|° £ Mi(fi x [7 N ) by 
specifying the integrals of certain test functions against this measure. 
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For every N, M, K > 0, take any bounded function /:!!x [7 N — > R such 
that /(-, (zi)i>i) is independent of (zi)i>K and is measurable with respect 
to 

(5.1) B#(ei) = B# := o"K : -N < (x, ei ) < M). 
Define (if € Afi(n x U N ) by setting 

/oo 
fdfif := ^ E q [t n < j < rjv+i, 

j=0 

(5.2) f(T Xj co, Z$. x ) exp{{0,X Tj ) - A o (0)tj}|/3 = oo] 
x (£„ [n exp{ (d, X T1 ) - A a (0)n } |/3 = oo] ) ~ l , 



where J := N + M + K + 1 and Zj*^ 



{Zj+i)i>i :— (Xi — Xj_i)j>i. (The 
measure is well defined. See the proof of Theorem 5.1.) 
The following theorem states that the empirical process 



n-l 



fc=0 



of the walk under P D converges to /t|° when the particle is conditioned to 
have mean velocity £. 

Theorem 5.1. Assume For every £ € Ai, e > 0, N,M,K > and 

/ : Q x [7 N — ?> R bounded such that /(•, (^i)j>i) is independent of (zi)i>K an d 
is &¥ -measurable, the following holds: 



(5.3) 



lim sup lim sup — log P Q 



X 



X n 
n 



> e 



< 5' < 0. 



Proof. Definition 9 of [23] introduces a probability measure € Mi (J7 N ) 
by the formula in (5.2), except that the test functions do not depend on to in 
that case. Proposition 16 of [23] shows that Jif is well defined, and Theorem 
17 of [23] establishes the analog of (5.3) for /2|°. The proofs of these results 
generalize to our setting without any nontrivial change. Therefore, we omit 
the proof of Theorem 5.1. Also, note that Theorem 5.1 is proved in [24] for 
the related model of space-time RWRE. □ 

In the first paragraph of Section 3.2, we mentioned an existence and 
uniqueness result for the minimizer of Varadhan's variational formula (2.11) 
for the averaged rate function I a . The following is the precise statement. 
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Theorem 5.2. Assume (3.1). For every £ G „4 a , induces a Z d -valued 
transient process with stationary and ergodic increments in U via the map 

(w, zi,z 2 ,z 3 , ...)\-+(zx,zx + z 2 ,zi + z 2 + z 3 ,.. .). 

Extend this process to a probability measure on doubly infinite paths (xi)igz 
and refer to its restriction to as //|°. With this notation, fi<£° is the 
unique minimizer of Varadhan's variational formula (2.11). 

Proof. This is Theorem 10 of [23], with the following difference: that 
result is concerned with //|° (which was mentioned in the proof of Theorem 
5.1) and it uses the map 

(zi,Z 2 ,Z 3 , ■ ••) ^ (Z1,Z1 + Z2,Zl + ^2 + Z3, • • •) 

to induce a Z^-valued transient process with stationary and ergodic incre- 
ments in U. However, since is the marginal of /2|° on [7 N , the Z d - valued 
process induced by is nothing but □ 

5.2. The Markovian structure of the minimizer. Assume (3.1). Take any 
£ € vAeg. Let 9 € C e? denote the unique solution of £ = VA a (0). Recall the 
environment kernel Tt e defined in (3.3) via h-transform. For any x 6 Z rf and 
a; € f2, abbreviate the notation introduced in Definition 1.1 by writing P x ' 
and E e x ,u instead of P* ,a; and E£ ,w , respectively. 

For every n > 1, define 6 Mi(f2 x f/ N ) as follows: 

^ >oo M _ E{He,u>)p!!<»((T Xn u,z? +1 ) e •)> 

(5 ' 4) M ^ ( ' ) : " E{h(6,ui)} • 



Lemma 5.3. For every N, M, K > and f : tt x U N -> R bounded such 
that f(-,(zi)i>i) is independent of (zi)i>K °- n d is -measurable, 

_ E o [f(T Xn u;,Z^ +1 )e W {{0,X TL }-A a (e)T L }] 



(5.5) | 



£ o [exp{(0,X ri )-A a (0)ri}] 
/or every L>n + M + K + 1. 

Proof. For every N,M,K > 0, take a bounded function / : £1 x U N — > R 
such that /(-, (^i)j>i) is independent of {zi)i>K and is Sjjf -measurable; see 
(5.1). For every L>n + M + K +1, 

E{h(d,u)} J fdp%i 

= E{h(e,oj)E 9 >»[f(T Xn u;,Z™ +1 )]} 
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(5.6) 



f{T Xn u,Z™ +l ) 



x exp{(9,X n+K ) - A a (9)(n + K)}- 



h(9,uj) 

= E o [f(T Xn u>,Z™ +1 )exp{(0,X n+K )-A a (9)(n + K)}h(e,T Xn+K u } )) 
(5.7) = E [f(T Xn co, Z™ +1 ) ex V {(9, X Hl ) - A a (9)H L }h(9, T x u,)} 



(5.8) 



E o [f(T Xn u,ZZi)eM(0,X HL ) - K{9)H L } 

(x,ei)>l 



x <p(6,T X[lL Lj,x)g(9,T XHL+x Lj)}. 

Explanation: (5.6) follows from the definition of tv® by noting that f(T Xn u, Z^^) 
depends only on the first n + K steps of the walk. (5.7) holds because Hl 
is a stopping time and Hl >n-\-K. The representation of h(9, •) in (4.24) 
gives (5.8). 

For any x £ 7L d such that (x, e±) > 1, 

E [f(T Xn cj,Z™ +1 ) 

x exp{(9,X HL ) - A a (9)H L }<p(9,T XllL u;,x)g(9,T XHL+x Lj)} 

= ^{E^[f(T Xn u,Z^ +1 )exp{(9,y)-A a (9)H L } 

{y,e 1 )=L 

(5.9) x<p(0,TyU,x),X HL =y] 

xg{9,T y+x u)} 

= E [f(Tx^,Z^ +1 )ex V {(9,y)-A a (9)H L } 

(y,ei)=L 

(5.10) 

x ip(9,T y cj,x),X HL = y]M{g{9,u)} 
= E o \f(T Xn u>,Z% 1 )exp{{0,X HL )-A a (d)H L }<p(0,T XH u,x)] 

(5.11) 

xE{g(9,u)}. 

Explanation: for any y € Z d such that (y,ei) = L, the random quantities 
..,Xh l = y] and g(9,T y+x u;) appearing in (5.9) are independent be- 
cause the former is measurable with respect to a{oj x i:{x' — x,e±) < L), 
whereas the latter is ^l+(x ei ) (ei)-measurable; see Lemma 4.5. This inde- 
pendence (in combination with the stationarity of P) gives (5.10). 
By plugging (5.11) into (5.8), we see that 

E{h(9,-)} 



E{<?(0,-)} 



fdPZ 
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L+l 

= Yl zZ E ^ E olf( T ^,^ +1 )exp{(9,X Tk )-A a (9)r k }, 

(a:,ei)>l k=l 

(5.12) T k ^<H L <T k ,X Tk = X ] 

x(Pj^(/3 = cx)))" 1 } 

1 

" Pjfi = oo) 

L+l 

(5.13) x Y, Y, E oif( T ^^ Z n + i)^PW,X Tk )-A a (9)T k }, 

(x,ei)>l k=l 

Tk-1 <H L <T k ,X Tk = x] 

(5-14) = —^^- E [f(T Xn cj,Z^ +1 )exp{(e,X TL )-K(e)r L }}. 

Explanation: (5.12) follows from the definition of (p(9,-,-) given in (4.23). 
For every x € Z, d such that (x, e\) > 1, the random quantity Pj xUJ ((3 = oo) is 

independent of the ratio E °T x u^ Tk X } appearing in (5.12) since the latter is 
easily seen to be equal to an expectation involving the stopping time H( Xj£1 \ 
(and nothing beyond that). This independence implies (5.13). Using (4.5), 
the T k in the exponential can be replaced first by tl+i and then by tj_,. This 
gives (5.14). 

Finally, observe that (5.14) agrees with (5.5), except that the normaliza- 
tion constant has to be simplified. However, it is clear that the constant in 
(5.5) is correct [take / = 1 and apply (4.5)]. □ 

Lemma 5.4. For every f : x U N — > R bounded such that /(•, (^)i>i) is 
B -measurable, the following convergence takes place: 

lim / fdp,%= I fdfif. 

n— >oo J J 

In particular, (A^)n>i converges weakly to 

Proof. For any N,M,K > 0, take a bounded function / : f2 x U N -> R 
such that f(-,(zi)i>i) is independent of (zi)i>K and Bff -measurable. Let 
J--N + M + K + 1. 

(5.15) ^ o [exp{^,X T1 )-A a (0)r 1 }] lim [ f dfi^ 

(5.16) = lim E [n<T N J(T Xn uj,Z^ +1 )exp{(e,X Tj }-A a (9)Tj}} 
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oo 

+ lim y^E [T N+i <n< T N+i+ i, 

f(T Xn cj, Z™ +1 ) exp{<0, X TJ+i ) - K{d)rj +l }] 

n / oo \ 

(5.17) = lim V [Y / E oin = n-j,exv{(6,X Ti )-A a (0)T i }}) 

n— ¥00 * — • I ^ — ' / 

j=0 \i=0 / 

x ^ [tat < j < rjv+i, 

/(T^o;, Z£i) e X p{(#,X rj > - A a (#)rj}|/? = oo] 

oo 

= S(6)J2 E o[TN<j<T N+1 , 
3=0 

f(T Xj uj, Z°Xi) ew{(0,X TJ ) - A a (9)rj}\(3 = oo] 

(5.18) =S(e)E [T 1 exp{{e,X Tl )-A a (e)T 1 }\P = oc) J fdfif. 

Explanation: (5.16) follows from (5.5). The first term in (5.16) goes to 
zero as n — > oo by the dominated convergence theorem. The renewal the- 
orem for aperiodic sequences (see [4], Theorem 10.8) implies that the sum 
C^2iZ()E [- ■ •]) in (5.17) converges to some constant S(6) as n — > oo. Observe 
that the constants in (5.15) and (5.18) have to agree because p,^ and /t|° 
are known to be probability measures. 

Thus far, we have shown that lim n _ s . 0O J f dfi^^ = J f dfi^ 3 for a separating 
class of test functions. However, this is sufficient to conclude that (/i^)n>i 
converges weakly to since Mi (ft x U^) is compact. □ 

Let <Q>£ G Mi (ft) be the marginal of pf> G Mi (ft x U N ). 

Lemma 5.5. is tt s -invariant, that is, 

Y,dQd T ~zOj)TT 6 (T^ z oo,z) = dq^uj). 

Z&J 

PROOF. For any / G L°°(P), define n 9 f : ft — >■ M in the usual way: 
Recall (5.4). For every n> 1, 



LARGE DEVIATIONS FOR RWRE 29 

_ E{h(6,cj)E e > u [f{T Xn+1 u)]} 
E{h(0,u)} 

by the Markov property. Let n tend to infinity, use Lemma 5.4 and conclude 
that 

J (n f)d®t = j {* B f)djkf = j 'fdp,? = J fdQz. 
This is equivalent to the desired result. □ 

Lemma 5.6. //|° induces, via the map 

(w, Z!,Z2,z 3 , . . .) h-> (uj,T Zi uj,T Zi+Z2 uj,T Zi+Z2+Z3 uj, . . .), 

an Q-valued stationary Markov process with marginal and transition ker- 
nel 

7fV,w'):= ^ 

Proof. For any n > 1, if > and any two bounded measurable func- 
tions / : n K+1 ->• R and 5 : $7 N -> R, it follows from (5.4) and the Markov 
property that 

E{h(6,u)} J f(u,T zl u), . . . ,T Zl+ ... +ZK u>) 

x g(Tz 1 + - +z K u, T Zi+ ... +Zk+1 lu, . . .) dfi^ 
= E{h(0,u;)E e o >"[f(T Xn cj, . . . , T Xn+K u)g(T Xn+K u, T Xn+K+1 u>, . . .)]} 
= E{h(6, cj)E 6 >»[f(T Xn u, T Xn+K u) 

x E e '»[g(T Xn+K u,T Xn+K+1 uj, . . .)\X n+K }]} 

= E{h(0,u)} 

x J f(u,T zl u),...,T Zl+ ...+ ZK u) 

x Eo Tzi+ "' +ZKUJ [g(T Zl+ ... +ZK u, T Zl+ ... +ZK+Xl u, . . .)] dp.%£. 

Let n tend to infinity, use Lemma 5.4 and conclude that indeed induces 
an f2-valued Markov process with marginal Qg and transition kernel 7f e . Fi- 
nally, note that the stationarity of this process follows from a straightforward 
generalization of Lemma 5.5. □ 
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Lemma 5.7. Q 5 < P on B^(ei) /or every iV > 0; see (34). 

Proof. For any N > 0, take an / € L°°(F) such that / is nonnegative 
d ,6^-measurable for some M > 0. 
(5.2) and the Schwarz inequality that 

E o [T l ^ v {{0,x T1 )-k a (e)T l }^ = ^\ j ft 



and Bji -measurable for some M > 0. Let J := N + M + 1. It follows from 



'TJV + 1-1 \ 

£ /(Tx.w) exp{(0,X Tj ) -A a (0)rj},/3 = oo 



J=TN 



< 



f^Eo T N+1 = k,(j2 /( T * w )) exp{(e,X TJ )-A a (6)Tj},f3 = oc 
k=i L Vl<fc ' 



OO fc ✓ / 



fc=l z=i 



oo k 



x ^[rjv+i = k = H h exp{(9,X Tj ) - A a (6)Tj},f3 = oo] 



(5.i9) <Y J J2( 2k + 1 ) d 



k=l 1=1 



xE{E%[r N+1 = k = H h 

exp{(9,X Tj )-A a (6)Tj},/3 = oo] 2 } 1/2 . 
There exist constants C' N < oo and a$> such that, for every k > 1 and 

le{i,...,k}, 

E{E%[t n+1 = k = H h ex V {{9,X Tj ) - A a (6)Tj},p = oo] 2 } 

(5.20) < E{E%[t n+1 = k = H h e W {(0,X TN+1 ) - A a {9)r N+l }^ = oo] 2 } 

x (inf P , z {h = V)Y l 

\z€Y d 'J 

x E{E%[exp{(d,X TM ) - A a (9)T M },p = oo] 2 } 

(5.21) <C' N e- aik . 

Explanation: the first term in (5.20) is bounded from above by C^e~ aik for 
some Cn < oo and 0,4 > 0. The second term in (5.20) is finite by Lemma 4.2. 
Using the technique in the proof of Lemma 4.1, the third term in (5.20) can 
be shown to be bounded from above by a constant that is independent of 
M. We leave the details to the reader. 
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Plugging (5.21) into (5.19), we see that 

< CtvII/IIl 2 (p) 

for some finite constant C'^ that is independent of M. Since the functions 
we have considered are dense in L 2 (0,i3^(ei),P), it follows from the Riesz 
representation theorem that 



(5.22) 



dP 



el 2 ' 



St(ei) □ 



Combining all of the results in this section, we get the following proof. 

Proof of Theorem 3.3. Recall that e Mi(fi) denotes the marginal 
of € M\(yt x U N ) which, in turn, is defined in (5.2). We have seen that: 

(i) Qg is vr^-invariant (see Lemma 5.5); 

(ii) <C P on i?+(ei) for every n > 0; see Lemma 5.7. 

It follows from Lemma 5.8 (stated below) that is the unique element 
of Mi(Q) that satisfies these two properties. We have also proven that /t|° 
induces an fi-valued stationary Markov process with marginal and tran- 
sition kernel Jr ; see Lemma 5.6. These results imply part (a) of Theorem 
3.3. 

Note that part (b) of Theorem 3.3 is a special case of Theorem 5.2 since 

(Z *A. a . CD 

In the proof above, we used the following generalization of a classical 
homogenization result which is originally due to Kozlov [11]. 

Lemma 5.8 (Rassoul-Agha [15]). Given any QgMi(JI) and any envi- 
ronment kernel n, define a measure \i G Mi(0 x U) by setting 

for each z EU. Recall Definition 3.7. If /i G M"(U x U), then the following 
hold: 

(a) the measures P and Q are, in fact, mutually absolutely continuous on 
B^(v) for every n > 0; 

(b) the environment Markov chain with kernel tt and initial distribution Q 
is stationary and ergodic; 

(c) Q is the unique it-invariant probability measure on Q that satisfies Q <C 
P on B^(v) for every n > 0; 

(d) the following LLN is satisfied: PJ r (lim n _ i . 00 ^ = J X^<={/ vr(w, z)z i 
1. 
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6. Proof of our results on quenched large deviations. 



6.1. Equality of the quenched and the averaged minimizers. We start this 
section by stating the quenched version of Theorem 5.1. 



Theorem 6.1. Assume (3.1). For every £ G A eq , £ > 0, N,M,K > 
and f :Q x — > R bounded such that /(•, {zi)i>\) is independent of (z^iyx 
and is B¥ -measurable, the following holds: 



lim sup lim sup — log 

6'— >0 n->oo n 



x 



fdpf 



> £ 



(6.1) 



n 



n <o 

for P-a.e. uj. 



Proof. This is Theorem 3 of [24], except that [24] is concerned with 
space-time RWRE. However, the result is obtained directly from Theorem 
5.1 by a standard application of the Borel-Cantelli lemma and Chebyshev's 
inequality. In other words, the proof in [24] makes no use of the space-time 
assumption. [The only notational difference is that, in the space-time case, 
A a (9) is equal to log 4>(9) for some explicit function </>(•), but this does not 
play any role in the proof.] □ 



Now, we are ready to give the following proof. 



Proof of Theorem 3.5. Take any £ e A eq - Recall (3.5). If an a € A^ 1 
is not equal to then 



fda- / fdfi\ 



> £ 



for some e > 0, N, M, K > and / : x U N -)• R bounded such that /(•, (^)i>i) 
is independent of {zi)i>K and &n -measurable. 

For every 5' > and P-a.e. cj, (the lower bound of) the quenched level-3 
LDP (i.e., Theorem 2.4) implies that 



-I q , 3 (a)<limM-logP^ 

n— yoo n 
On the other hand, 



lim lim — log P'i 



fdv™ 



x 



n 



>£, 



n 



<6' 



MO, 
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by the quenched level-1 LDP (i.e., Theorem 2.1). Therefore, 
-I,, 3 (a) + /,(£) 



< lim sup lim sup — log P£ 

<0, 



fdu. 



n,X 



fdfif 



> e 



n 



<S' 



by (6.1). In words, a is not a minimizer of (3.6). However, since is lower 
semicontinuous and A^ 2 is compact, there is a minimizer. We conclude that 
/2|° is the unique minimizer of (3.6). □ 

6.2. Modifying Rosenbluth's variational formula. 

Lemma 6.2. Assume (1.1). Recall (3.8) and Definition 3.7. For every 
neM?(n x U), 



(6.2) 



T*Ui)<H^). 



Proof. Fix a sequence of test functions, denoted by (/i)i>i, that sep- 
arate Mi(Q x U). For every i > 1 and z EU, assume that fi(-,z):Q-*M. 
is measurable with respect to o~{u x : \x\ < i). Take any fi G Mf(f2 x U). For 
every N > 1, 



G 



i/£Mi(S] x U): 



fidv- \ fidfj, 



<lvie{l,...,iV} 



is an open set. Recall v € and the environment kernel tt corresponding 
to n; see Definition 3.7. Let Q := (/i) 1 so that d/j,(-,z) = dQ(-)7r(-, z) for each 
z Ell. For every n > 1, introduce a new measure Po,'n by setting 



dRn't 



dP 71 "'" 



P ' (v n ,X G G^ N ,P> n) 

where /3 = /?(£>) := inf{f > 0: (Xi,v) < (X ,v)}. With this notation, for 
a.e. lo, 



logK'" 



^n,x € Gu,m,/3> n, 



dPS 



log P ^ K,x G G M)JV , /3 > n) + log / — |- dJ££ 



dPH 



>logP ^(i/ re ,xGG M)JV ,/3> 



rfP w 
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3.3) 



Vn,x e Gn N ,f3> n,log 



by a change of measure and Jensen's inequality. 

It follows from Lemma 5.8 and the ergodic theorem that 



and 



Po ,U) { u n,x € G^n for sufficiently large n] 
dP*>" 



P^[ lim ilog 



n— >oo n 



dP- 



■(X 1 ,...,X n ) = H(n) =1 



Hence, for Q-a.e. oj, 
(6.4) lim n ^ c 
and 



lim sup Eg 



P^{v n ,x € G^ N ,f3 >n) = P^W = oo) 

dP*'"' 



u n ,x€G IJh N,P>n,-\og- d 



(6-5) 

<P^(P = oc)H(pl). 
Here, (6.5) follows from Fatou's lemma since 

1 dPo ,u) , , 1^ fr(T Xl 0J,Z i+1 ) 

_lo S^7^T = - >^ lo g — — - <-log<5, 



i=0 



7r(Xj,X i+ i) 



by uniform ellipticity; see (1.1). 

It follows from parts (b) and (c) of Definition 3.7 that Po ,U3 ([3 = oo) > 
for P-a.e. oj. Since Po'^iP = oo) is (immeasurable, part (d) of Definition 
3.7 implies that 

(6.6) C* w (/3 = oo) > for Q-a.e. oj. 

Combining (6.3), (6.4), (6.5) and (6.6), we see that 



(6.7) 



liminf -logP£(v n ,x G G^ N ,P > n) > -H{fx) 

n— >oo n 



for Q-a.e. oj. However, since P^{v n ,x G G^ iX ,(3 > n) is S^(t))-measurable 
for every n > 1, Lemma 5.8 implies that (6.7) holds for P-a.e. oj as well. 
Therefore, 

liminf - logP"(z/ n x € G M at) > ~HU) for P-a.e. oj. 

n— >oo n 
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For every N > 1 and P-a.e. oj, 

limsup-logP^i/^x e G^ N ) < - inf T*{v) 

by the quenched level-2 LDP, that is, Theorem 2.3. Hence, 

inf_a**H<i?(/i). 

Sending iV to infinity implies (6.2) since is lower semicontinuous and 

(fi)i>i separates Ml(0 x U). □ 



Proof of Theorem 3.8. Fix £ ^ 0. For any fie^n M((Q x J7), let 



7r be the environment kernel given by 7r(-, z) := jjfkrn. for each z G £7 It is 



shown in [11] that 

P*(lim ^ = t)=l. 

yn->oo n J 

Hence, /i G Mf x U). [For part (c) of Definition 3.7, take any v G S^ 1 
such that (£,v) > 0.] In other words, 

(6.8) n M{(0 x[/)c^fl Afj (fi x 17). 

It follows from (2.6), (6.2), (6.8) and (3.7) that 

7,(0 = inf 3*» < inf{a**( M ) : M G ^ n Mf (fl x 17)} 

< inf {77 (jj) :/iG^nM{'(flx[/)} 

< inf{77(/7) :/ie^nMj(Ox [/)} 

= ^CO- 
Iii particular, 7 ? (£) = inf{77( / u) : /i G A ? n M{'(fi x [/)}. □ 

PROOF of Theorem 3.9. Fix £ G A eq - Then, £ / 0. Indeed, by differ- 
entiating both sides of (4.5) with respect to 6 at 6 = V7 a (£), we see that 

lP v ,„ A rm v ^ [(^ 1 ,ei)exp{(g,X ri )-A a (g)r 1 }|/3 = oo] 

C, ei) = VA a (0 , ei) = =-: ; > 0. 

7; o [riexp{(6',X T1 ) - A a (6')ri}|/3 = ooj 

Recall that fa G Mi (J] x [/) is the marginal of /i^ G Ml(Q x C/ n ) and 
dfa(-,z) = dQ^(-)it e (■ , z) for each z G £7. It is clear from Theorem 3.3 that 
faeA^f] Mlip, x U). Observe that 



.9) H{fa) = [ "£n e (Lu,z)log 



7r(0,Z 



TT d (u},z) 

' '0/1 
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(6.10) = / E * V *) (V z) - Aa(6>) + log ) dQ^M 

(6.11) ={5,0-^(0)+ / Evr e ( W ,z)log^^dQ c H 

(6.12) =<0,f)-Aa(0) 

(6.13) = 1,(0. 

Explanation: (6.9), (6.10) and (6.11) follow from (3.8), (3.3) and (2.4), re- 
spectively. Since is ir^-invariant by Lemma 5.5, it is easy to see that the 
integral in (6.11) is zero. Finally, (6.12) is equal to (6.13) because £ = VA a (#) 
and I q (0 = /„(£). 

Thus far, we have shown that H(fi^) = Iq(£). Now, take any v E fl 
Mf(0 xU).Tfu^jit, then 

/ ? (£)<3*>) <#(*/), 

by Corollary 3.6 and (6.2). We conclude that //£ is the unique minimizer of 
(3.9). □ 
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